We apply a generalized model for the determination and analysis of the dielectric function of optically anisotropic materials with colour dispersion to phonon modes and show that it can also be generalized to excitonic polarizabilities and electronic band-band transitions. We take into account that the tensor components of the dielectric function within the cartesian coordinate system are not independent from each other but are rather projections of the polarization of dipoles oscillating along directions defined by the, non-cartesian, crystal symmetry and polarizability. The dielectric function is then composed of a series of oscillators pointing in different directions. The application of this model is exemplarily demonstrated for monoclinic (β-phase) Ga2O3 bulk single crystals. Using this model, we are able to relate electronic transitions observed in the dielectric function to atomic bond directions and orbitals in the real space crystal structure. For thin films revealing rotational domains we show that the optical biaxiality is reduced to uniaxial optical response.
I. INTRODUCTION
For the understanding, design and fabrication of optoelectronic devices, the optical properties of the involved materials have to be known. A well established and powerful method for the determination of these properties is spectroscopic ellipsometry 1, 2 . We concentrate here on the dielectric function (DF), which is usually obtained by means of numerical model analysis of the experimental ellipsometry data and then often described by a series of line-shape model dielectric functions in order to deduce phonon properties, free charge carrier concentrations and the properties of electronic transitions (e.g Ref. 2 and 3) . For isotropic materials this method is well established. However, in recent years, optically anisotropic materials, as e.g. Ga 2 O 3 4-7 , CdWO 4 8 and lutetium oxyorthosilicate 9 , went into focus of research since they are promising candidates for optoelectronic applications in the UV spectral range. However, the determination of their optical and electronic properties is more challenging compared to isotropic materials since they depend on the crystal orientation. The dielectric function is represented by a (frequency-dependent) tensor and the determination of its components requires a series of measurements for various crystal orientations.
For (non-chiral) optically anisotropic materials, the dielectric function is in general a symmetric tensor consisting of six independent components 10 , i.e. ε =   ε xx ε xy ε xz ε xy ε yy ε yz ε xz ε yz ε zz   .
Due to its symmetry, this tensor can be diagonalized independently for the real and imaginary part at each wavelength separately. In the transparent spectral range, i.e. for vanishing imaginary part, the diagonal elements are the semi-principal axes of the ellipsoid of wave normals and are often called dielectric axes. For materials with monoclinic or triclinic crystal structure, the orientation of the dielectric axes depends on the wavelength and is often called colour dispersion. In the spectral rang with non-vanishing absorption, the situation becomes even more complex. Due to the independent diagonalizability of the tensor (1) for the real and imaginary part, the corresponding dielectric axes in general do not coincide which each other. Thus, in general, four dielectric axes are present. For these classes of materials only few reports on the determination of the full dielectric tensor exists, e.g. for α-PTCDA 11 , pentacene 12 , BiFeO 3 13 , CdWO 4 8 , K 2 Cr 2 O 7 14 , CuSO 4 · 5H 2 O 15 and effective anisotropic materials as e.g. slanted columnar films 16 . Most of these works are limited to the determination of the line shape of the dielectric function, treating each tensor component of the DF independently of each other. This can, from a technical point of view, result in large correlations between the individual tensor elements causing non-physical results. More importantly, the deeper nature of polarizabilities in the material, like phonons, excitons, and electronic band-band transitions, cannot be explored this way. Thus, lineshape model dielectic functions (MDF) representing the oscillators properties like energy, amplitude, broadening, and even oscillation direction in a meaningful and physical correct way have to be used.
Facing this, Dressel et al. 12 proposed an approach assuming that the dipole moments are aligned to three polarization axis which should coincide with the crystallographic axes. Taking this model into account, the dielectric tensor is fully described by its three independent principal elements and the known angles between the crystallographic axis. However, as a consequence of this approach the principal axes of the indicatrix (related to the real part of ε) coincide with those of the conductivity tensor (related to the imaginary part of ε) which is not generally valid as shown for instance for CdWO 4 8 and Ga 2 O 3 7 . To overcome this problem, Höfer et al. 14, 15 used for the infrared spectral range a model, developed earlier by Emslie et al. 17 , which consists of a sum of damped Lorentz oscillators individually aligned to the axes of their respective dipole moments. For phonons, these axes are related to the atomic elongations and thus to some extent to the crystallographic axes. Further, their dissipative spectral range is usually narrow. Thus the question arises if such a model also can be applied to spectrally widespread excitations like electronic bandband transitions, which consist of numbers of individual dipoles whose axes are connected to overlapping atomic orbitals of various symmetry and therefore not necessarily coincide with crystallographic directions. Further the density of states (DOS) of the electronic band structure is distributed within a wide energy range in a complex manner causing non-symmetric line-shapes of the imaginary part of the dielectric function which spectrally overlap for different contributions and directions.
Here we demonstrate that the sketched approach is generally valid for all kinds of excitations. We demonstrate this exemplarily for monoclinic Ga 2 O 3 (β-phase) single crystals and thin films in the spectral range from infrared to vacuum ultraviolet. We show that this model provides a deep insight in electronic properties of the materials: Comparing the directions of the electronic polarizabilities obtained by modeling the experimental ellipsometry data using lineshape MDF to the real space atomic arrangement in the crystal and considering theoretical calculated electron density distribution as well as orbital-resolved DOS, allows us to assign the observed transitions to individual orbitals.
The paper is organized as follows: In Sec. II, we discuss at first the dielectric tensor for all crystal symmetries and its composition. After that we demonstrate its applicability to the case of β-Ga 2 O 3 single crystals in the infrared and ultraviolet spectral range. Finally, we show by means of a practically relevant β-Ga 2 O 3 thin film which exhibit rotation domains that the approach of using directed transitions explains the effective uniaxial properties of the film and enhances the sensitivity to the out-of plane component of the dielectric tensor.
II. DIELECTRIC FUNCTION
The optical response of a material is determined in first order by dipole excitations, e.g. optical phonons, electronic band-band transitions or excitons which in sum are represented by the dielectric function. For isotropic materials, the corresponding dipole moment or polarization direction of each excitation is macroscopically equally distributed in all spatial directions, resulting in an isotropic dielectric function, i.e. it is a scalar written as
with N being the number of excitations/oscillators. The situation changes for materials with crystal structure symmetry lower than the cubic one. In this case the excitations generally differ between the crystallographic directions in energy, amplitude, broadening, and even in the spatial direction of their dipole moment, and thus the DF is a tensor (Eq. (1)). Let ε ′ i being the dielectric response of the i th excitation and the coordinate system is chosen (without loosing generality) in such way that the polarization direction is along the x-axis. The only non-zero component is then given by ε xx , i.e. ε ′ i,xx = ε ′ i,mn = 0. However, the polarization direction of the excitation and the experimental coordinate system do not coincide with each other in general and a coordinate transformation has to be performed, independently for each transition. The entire dielectric tensor then can be expressed by
with φ i and θ i being Euler angles, which are in general different for each excitation, and R being the rotation matrix. The advantage of this expression is that the components of the resultant dielectric tensor in the Cartesian coordinate system are not independent of each other but rather composed of the respective projected part of the excitation's line-shape function according to the directions of their individual dipole moment. For the entire dielectric function it follows that, due to the finite broadening of each excitation and by considering Kramers-Kronig relation, the orientation of the principal tensor axes of the real and imaginary parts differ from each other as it is well known and observed in experiments e.g. for CdWO 4 8 and Ga 2 O 3 7 . Equation (3) represents the general case which has to be used for triclinic crystals and can be simplified depending on the crystal symmetry. Crystals with monoclinic structure exhibit one symmetry axes, representing a C 2 rotation axis or the normal of a mirror plane (or both), which we identify in the following with the ydirection. The plane perpendicular to y, the x-z-plane, reveals no symmetry which defines a Cartesian coordinate system preferentially. Therefore, from symmetry arguments, considering dipoles polarized either along y or in the x-z-plane, one can simplify Eq. (3) to
with ε i,y and ε ′ j,xz being the contribution of the respective directions. N y and N xz represent the number of excitations with the corresponding polarization directions and as φ we define the angle between the polarization direction and the x-axes within the x-z-plane. This leads to the well known form of the dielectric tensor given by
A further simplification can be made for orthorhombic materials containing three orthogonal twofold rotation symmetry axis, leading to
a dielectric function tensor which contains only diagonal elements. In the case of uniaxial materials, e.g. those with a hexagonal symmetry, ε i,x = ε i,y and N x = N y holds. For isotropic material, the numbers of oscillators in all three directions is the same and therefore the dielectric tensor reduces to the scalar given by Eq. (2). For practical application Eq. (3) has to be further modified. The real and imaginary parts of the dielectric function are connected with each other by the KramersKronig relation. Contributions of excitations at energies higher than the investigated spectral range to the real part of the DF have to be considered. These contributions are usually described by a pole function. In the case presented here, this means that the identity in Eq. (3) has to be replaced by a real valued tensor with the form given by the corresponding crystal structure where each component is represented by a pole function.
III. EXPERIMENTAL
By using the approach presented in Sec. II and lineshape MDFs, the parametrised dielectric function of β-Ga 2 O 3 bulk single crystals and thin films was determined in the mid-infrared up to the vacuum-ultraviolet spectral range by means of generalized spectroscopic ellipsometry.
Ga 2 O 3 crystallizes at ambient conditions in monoclinic crystal structure, the so-called β-phase (Fig. 4) . The angle between the non-orthogonal a-and c-axis is β = 103.7
•18 resulting in a non-vanishing off-diagonal element of the dielectric tensor within the Cartesian coordinate system 7, 19 . We investigated two single side polished bulk single crystals from Tamura Corporation with (010) and (201) orientation, allowing access to all components of the dielectric tensor. X-ray diffraction (XRD) measurements does not reveal any hints for the presence of rotation domains, twins or in-plane domains. More details can be found in Ref. 7 . The thin film was deposited on a c-plane oriented sapphire substrate by means of pulsed laser deposition (PLD) at T ≈ 730
• C. After deposition, the sample was annealed for 5 min at T ≈ 730
• C and a oxygen partial pressure of p O 2 = 800 mbar. XRD measurements confirm the monoclinic crystal structure of the film and the surface orientation was determined to be (201). In contrast to the bulk single crystals, six rotation domains are observed which are rotated against each other by an angle of 60
• . 20 In contrast to bulk single crystals which reveal a smooth surface without atomic steps, the surface roughness of the thin film was determined to be R s ≈ 5 nm
In spectroscopic ellipsometry, the change of the polarization state of light after interaction with a sample is determined. In the general case, this is expressed by means of the 4 × 4 Mueller matrix (MM, M) which connects the Stokes vectors of the incident (reflected) light
In the special case where no energy transfer between orthogonal polarization eigenmodes of the probe light takes place, like for isotropic samples or optically uniaxial samples with the optical axis pointing along the surface normal (as the case for the thin film, cf. Sec. V), the change of the polarization state is expressed by the ratio of the complex reflection coefficients, i.e. ρ =r p /r s . The index represents the polarization of the light polarized parallel (p) or perpendicular (s), respectively, to the plane of incidence which is spanned by the surface normal and the light beams propagation direction.
For the determination of the DF, the experimental data are analyzed by transfer-matrix calculations considering a layer stack model. For the bulk single crystals, the model consists of a semi-infinite substrate (Ga 2 O 3 itself) and a surface layer accounting for some roughness or contaminations. For the infrared spectral range the surface layer can be neglected. For the thin film the model consists of a c-oriented sapphire substrate, the Ga 2 O 3 thin film layer and the surface layer. The dielectric function of sapphire was taken from the literature 21 . The surface layer was modelled using an effective medium approximation (EMA) 22 mixing the DF of Ga 2 O 3 and void by 50% : 50% for the bulk single crystals. 7 For the thin film this fraction was chosen as parameter and the best match between experiment and calculated spectra was obtained for 80% : 20%. In the following we choose our coordinate system in such way, thatê x a-axis,ê y b-axis and e z =ê x ×ê y .
IV. BULK SINGLE CRYSTALS A. Infrared spectral range
The MM in the infrared spectral (250 − 1300 cm −1 (31 − 161 meV)) range was measured at angles of incidence of 30
• , 50
• and 70
• for different in-plane rotations, i.e. rotating the crystal around its surface normal by 30
• , 60
• and 90
• . For selected orientations the recorded spectra are shown in Fig. 1 . The non-vanishing block-offdiagonal elements of the MM demonstrate the optically anisotropic character of the sample.
The dielectric function in the infrared spectral range is determined by phonon and free charge carrier oscillations. The bulk single crystals are not intentionally doped, the latter contribution can be neglected for the spectral range investigated here. Therefore, only phonons have to be considered and their contribution is described by Lorentzian oscillators:
Experimental (symbols) and calculated (lines) spectra of the MM elements of a β-Ga2O3 bulk single crystal for an angle of incidence of 70
• . The corresponding orientation of the crystal is given by the Euler angles on top of each column in the yzx notation.
with A, E 0 and γ being the amplitude, energy and broadening of the phonon mode, respectively. The calculated MM spectra are shown in Fig. 1 as red solid lines yielding good agreement with the experimental ones. Note, that a similarly good match is obtained by using a Kramers-Kronig consistent numerical analysis and consider the four components of the DF (Eq. (5)) to be independent from each other.
In the investigated spectral range, 9 of the totally 12 optical infrared active phonon modes are observable. Their properties are summarized in Tab. I. For the modes which have a dipole moment in the a-c plane (B usymmetry) the polarization direction with respect to the a-axis is given by the angle φ, which was found to differ for each phonon mode. This is also in agreement with the results recently reported by Schubert et al.
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The phonon mode B (4) u was not observable in our experiment. This can be attributed to the weak sensitivity to this mode caused by its low amplitude which is predicted by ab-initio calculations (see below) and to the pronounced noise caused by the low sensitivity of the detector of our setup in this spectral range. Further, for the mode B (3) u only the frequency is given since also the large noise in this spectral range and the probable spectral overlap with B (4) u prohibit the determination of its dipole direction.
For comparison we calculated the phonon modes by ab-initio calculations based on the B3LYP hybrid functional approach implemented in the CRYSTAL14 code 26 . Thereby we used the basis set of Pandey et al. 27 for gallium and of Valenzano et al. 28 for oxygen, which we slightly modified, and 150 k-points in the irreducible Brillouin zone. The truncation criteria defined by CRYS-TAL14 code given by five tolerance set to 8 18 . The corresponding phonon mode energies, oscillator strength and the direction of the dipoles are also given in Tab. I and are in excellent agreement with those determined by ellipsometry. The excellent agreement is not restricted to the infrared active phonon modes but is also obtained for the Raman active modes 26 .
B. Ultraviolet spectral range
The numeric DF in the UV spectral range was recently reported by us, obtained by using a Kramers-Kronig consistent numerical analysis 7 . In order to extract the properties of the contributing electronic transitions, e.g. energy and electronic orbitals involved, and to demonstrate the universal applicability of Eq. (3) for electronic transitions we analysed the contribution of each transition to the entire DF by using line-shape model dielectric functions. Symmetry consideration and band structure properties 7 yield that the transitions are polarized either along the y-axes or within the x-z-plane. Thus the DF can be written as in Eq. (4) with a set of excitonic transitions and Gaußian oscillators. We have been shown by density functional theory calculations combined with many-body perturbation theory including quasiparticle and excitonic effects 7 , that the DF in the spectral range from the fundamental absorption edge on up to some eV higher are dominated by excitonic correlation effects. Thus, several excitonic contributions have been considered in modeling and were described by a model dielectric function developed by C. Tanguy for Wannier excitons taking into account bound and unbound states. [29] [30] [31] The contribution of weakly pronounced bandband-transitions where summarized by using a Gaussian oscillator. A further Gaussian oscillator was included to consider contributions of transitions at energies higher than the investigated spectral range due to their spectral broadening. These contributions together with the pole function were considered for each dielectric tensor com- ponent independently because they may originate from different transitions.
The experimentally recorded and the calculated spectra of the MM elements are shown for selected orientations in Fig. 2 , yielding good agreement. The difference between the experimental and the calculated spectra for energies E > 7 eV was also observed by using the above mentioned numerical Kramers-Kronig consistent analysis and might be caused by the limitation of the used approach for the description of the surface layer.
7 This can be attributed to the fact that the sensitivity to this layer is strongly enhanced in this spectral range due to the enhanced absorption and therefore reduced penetration depth.
The parameters of the best-match MDF are summarized in Tab. II and III. We extracted a exciton binding energy of about E b X = 270 meV for all contributions. Note that we considered the same exciton binding energy for all excitonic transitions because of the strong correlation between energy of the fundamental bound state and the corresponding binding energy.
The dispersion of the tensor elements for the entire investigated spectral range is shown in Fig. 3 . The contributions of excitonic transitions to ε 2 are shown as red solid lines. The orientation of the corresponding dipole moments in the x-z-plane is indicated by the arrows in the inset. In agreement with our theoretical calculations and the numeric MDF, 7 the two energetically lowest transitions (labeled as X 1 and X 2 ) are strongly polarized along the x-and z-direction, respectively. At higher energies, there are transitions along y-axis (b-axis) and within the x-z-plane (a-c-plane).
Based on calculated charge distribution 33 and atomic arrangement within the x-z-plane (a-c-plane), we re- bution of atomic bonds. Please note that the uncertainty in the experimentally determined dipole moment directions amounts to up to 10
• , caused by the simplification due to the used model functions, which summarize spectrally over different individual transitions. As all these transitions reveal no contribution to the dielectric tensor component ε yy , only bonds located solely within the sub-planes of the x-z-plane (a-c-plane) are considered (cf. Fig 4) . It is found that all excitonic transitions but the first one, which appears to take place between oxygen atoms, are between differently coordinated gallium and oxygen. In the following discussion we will use the nomenclature given by Geller 18 and label the tetrahedrally and octahedrally coordinated Ga atoms as Ga(I) and Ga(II), respectively, while the three different sites of the oxygen atoms are labeled as O(I), O(II) and (OIII) (cf. Fig. 4) .
Band structure calculations reveal that the uppermost valence bands are dominated by oxygen p-orbitals, while the DOS of the lowest conduction bands is composed of almost equal contributions from Ga-s, O-s, and O-p orbitals. 5, 33, 34 Thus, dipole allowed transitions can take place from O-p orbitals to Ga-s and O-s orbitals. It turns out that the states near the conduction band minimum are preferentially determined by octahedrally coordinated Ga(II). 33 This is reflected by the assignment of the dipole directions to the atomic bonds in Fig. 4 . It turns out that the transition X 2 , almost directed along x (a) involves O and Ga(II) and also reveals a high amplitude in the DF. These results nicely demonstrate the potential of the used model approach for the dielectric tensor to gain deep insight into electronic properties of highly anisotropic materials.
V. THIN FILM
As mentioned above, the PLD grown β-Ga 2 O 3 thin film exhibit (201) surface orientation with 6 in-plane rotation domains, rotated by multiples of 60
• . As their size is much smaller than the optically probed sample area of about 5 × 8 mm 2 , the measured optical response is determined by an average over these domains. For uniform distribution of these rotation domains, the effective dielectric function is given by
with φ = (i − 1)π/3 the rotation angle of the i th rotation domain (i = 1 . . . 6) and R(φ) being the rotation matrix around the surface normal. Equation (8) For such samples with the sensitivity to ε is usually limited due to the high index of refraction of the investigated material resulting in a propagation direction of the wave within the sample with only very small angles off the optical axis. But there is a finite projection of the electro-magnetic field strength onto the optical axis and thus the optical response is determined by ε ⊥ and ε in any case, which have to be considered in order to obtain a physical meaningful dielectric function 35 . However, in contrast to a homogeneous uniaxial material, those effective ε ⊥ and ε are not independent from each other. As shown in Sec. II and demonstrated in Sec. IV the components ε The uniaxial behaviour of the film with the optical axis parallel to the surface normal is reflected by vanishing off-diagonal elements of the MM. Therefore, standard ellipsometry is sufficient for measuring the full optical response (cf. Sec. III). The experimental data are shown in Fig. 5 in terms of the pseudo dielectric function
with angle of incidence Φ. Below E ≈ 4.8 eV oscillations due to multiple reflection interferences caused by the interfaces within the sample are observed which vanish with the onset of the absorption at higher energies. For the parametric model of the dielectric function of the thin film we used the same set of model dielectric functions as for the bulk single crystal. The calculated spectra are shown as red solid lines in Fig. 5 and a good agreement between the experimental and calculated data is apparent. The tensor components of the dielectric function of the thin film are shown in Fig. 6 . For comparison, the components calculated from DF of the bulk single crystal by using Eq. (8) are shown as dashed lines. For the thin film, we needed to adjust energies and amplitudes of the transitions and even the dipoles' orientation angles φ within the x-z-plane (a-c-plane). Compared to the DF of the single crystal a blue-shift of the transition energies up to 100 meV and a lowering of the oscillator strengths is observed for the thin film. The reduced oscillator strength in the investigated spectral range cannot explain the lowering of the real part of the dielectric constant and therewith of the index of refraction in the visible spectral range alone. Therefore, the reduced refractive index indicates also a reduced oscillator strength of the high energy transitions compared to • and 70
• . The experimental and calculated data are shown as symbols and red solid lines, respectively. the bulk single crystal. We relate these changes of the DF properties compared to the bulk single crystal on the one hand to crystal imperfections typically lowering the oscillator strength of electronic transitions by dissipative processes. On the other hand also strain will be possibly present in the thin film, causing changes in the bond length and maybe also torsion of the unit cell causing different dipole moment orientations.
VI. SUMMARY
We have determined the dielectric function of β-Ga 2 O 3 by using a generalized oscillator model taking into account the direction of the dipole moments for each transition. Within this model, the components of the dielec- tric tensor within the cartesian coordinate system are not independent from each other but are determined by the projection of the corresponding dipole direction. In doing so, we could determine the tensor components of the DF of β-Ga 2 O 3 bulk single crystals and thin films.
By means of the determined direction of the dipoles we assign the involved orbitals for the observed transitions. For the thin film we showed that the presence of rotation domains leads to the formation of an effective uniaxial material. The sensitivity to the out-of-plane component of the dielectric tensor is enhanced compared to pure uniaxial materials since it is connected to the in-plane component. This allows a precise determination of this component even if the optical axis is perpendicular to the surface, which is relevant for applications in optoelectronics.
